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On the Theoretical Justification of
Ibrahim’s Method

J.A. Brandon*
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Introduction

BRAHIM’S method has been comprehensively described

by Ibrahim and his associates.!> Central to the application
of the method is the inversion of a nominally singular matrix.
The rank of the matrix is completed by noise in the data.

In justifying the method,! Ibrahim uses two different (and
conflicting) characterizations for the noise. This conflict will
be illustrated here and its implications considered.

It is perhaps worthwhile to note the simultaneous work
done by Dunn,* where the analysis is in many ways similar.

Basis of the Method
The free vibration problem is characterized by

AX=X ey

where A is a matrix (2n X 2n) describing the structure of the
system and X and X are observations of the state vectors of
the system. These may be chosen square.

If X is nonsingular, then 4 may be uniquely determined

A=XX"1 93}

In all realistic experimental conditions, however, each obser-
vation vector x; (column of X) will only be composed of a
small number 2m of the modal vectors of the system.

Enough information for subsequent analyses could be ex-
tracted by using the Moore-Penrose generalized inverse X*
(see, e.g., Wilkinson and Reinsch®) instead of X~/ (which
does not exist).

The procedure adopted by Ibrahim, however, differs
markedly from this. Completion of the rank of X is provided
by noise on the data. This is characterized by Eq. (14) of Ref.
3:

2m
x= E i€ +n(0) 3)
k=1

i.e., the observation vector x is composed of the sum of 2m
normal modes with initial excitation p, which decay (in
passive systems) exponentially by the factor e™’ and a vector
of noise n(f). Whereas the elements of n(f) may be partially
correlated due to characteristics of the experimental setup, it
generally would be assumed that these elements were indepen-
dent random variables.

In subsequent discussion, however, Ibrahim wuses a
characterization [Ref. 1, Eq. (15)],

2m N 2n
x(f)= Epke Ky E N+ e
k=1 k=dm+1

Received March 29, 1984; revision received July 17, 1984.
Copyright © American Institute of Aeronautics and Astronautics,
Inc., 1984. All rights reserved.

" *Lecturer, Department of Mechanical Engineering and Engineering
Production.

and states that, ‘‘the extra degrees of freedom act as outlets
for the noise.”

Identification of Inconsistencies

The matrix X is required to be nonsingular for the method
to work. The true modes of the system {p,} contribute 2m
linearly independent (and additionally orthogonal) vectors to
a basis to span X. Consequently, the remaining noise vectors
defined by Ibrahim {/N,} must contribute a further 2n —2m)
linearly independent vector to complete the rank of X. It is not
necessary for the vectors NV, to be mutually orthogonal, nor in
fact is it necessary for the subspace {/V,} to be orthogonal to
the subspace {p,}.

Orthogonality of the two subspaces would, however, be
necessary to justify Ibrahim’s assertion, ‘“The qualitative ex-
planation for this situation is that the extra degrees of freedom
act as outlets for the noise.”

This characterization of noise is inconsistent with the usual
characterization of noise, where each element of X is per-
turbed by an independent random variable. This will now be
demonstrated.

Define X to be composed of the sum of two matrices:

D: deterministric matrix spanned by {p, }
R: random matrix spanned by {NV,}
X: D+R

R has rank (2n—2m) since it is spanned by the linearly in-
dependent {N,}. It is possible by permutation to ensure that
the leading (2n—2m) X (2n—2m) square of R is nonsingular;
denote the columns of R by {r,}. Taking the first (2n—2m)
elements of r,,_,, . ;, these may be expressed as a linear com-
bination of the corresponding elements of the previous
(2n—2m) columns without compromising their property of
randomness. However, the rank limitation requires that the
succeeding (2n—2m + 1)th elements of r,,_,,..; be fixed by
the same linear combination. Thus, the rank limitation implies
that this element is fixed by the previous elements of the vec-
tor, thereby infringing on the requirement for independence of
the random variable.

Correct Characterization of the Noise Matrix

It may be shown inductively, from the above analysis, that
any noise representation based on the usual model of indepen-
dent random variables requires a matrix R of full rank. Such a
matrix has the inherent effect of corrupting observations of
the true modes of the system. While this would conform to the
intuitive assessment of most analysts, it conflicts with
Ibrahim’s suggestion that the additional degrees of freedom
act, ‘‘as outlets for the noise.”

It should be noted that Dunn* notes the rather surprising
characteristic of his method that mode shapes may be correct-
ly identified while the corresponding identified frequency ap-
pears grossly in error. In this case two of Ibrahim’s measures
would give conflicting results—(the Modal Confidence Factor
and the Mode Shape Correlation Constant, which is inap-
propriately styled as a constant).

Conclusion

The noise characterizations repeatedly used by Ibrahim do
not conform to the generally understood definition of random
noise. The acceptance of such erroneous assumptions concern-
ing noise will not lead to acceptance of incorrect modes, but
may give rise to the rejection of genuine structural modes.
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Reply by Author to J.A. Brandon

Samir R. Ibrahim
Old Dominion University, Norfolk, Virginia

QUATIONS (1) and (2) in Brandon’s Comment are not

the basis for the Ibrahim Time Domain (ITD) Method.
These equations are only used in the special case of computing
normal modes from measured complex modes. The ITD iden-
tification algorithm, however, uses Eq. (3) as the mathe-
matical model for the identification of modal parameters.

According to the Comment, Brandon’s concern is the
validity of the theory of oversized identification model
reported in his Ref. 2.

Such concern ‘is based on the necessary orthogonality re-
quirement between the noise modes subspace {N,} and struc-
tural modes subspace {p,}. The fact is that these two
subspaces will be orthogonal. The vectors {N,} are neither
defined nor unique, but they are merely computational modes.
If the matrix A is successfully computed, and since the set of
vectors {p,} and {N,]} are both the eigenvectors of one
matrix, they will come out to be mutually orthogonal.

Engineering applications of mathematics are usually based
on assumptions that are later tested for validity. The ones used
in the theory of the oversized identification model, after exten-
sive testing, have proved to be sound ones. In Brandon’s Ref.
2, a two-degree-of-freedom system, with the severe simulated
conditions of extremely low levels of measurements noise and
ill conditioning, was successfully identified using a 300-degree-
of-freedom identification model.

Perhaps a supplement to Brandon’s Eq. (4) stating that
““where the subspace {N,} is assumed to be orthogonal to the
subspace {p;}...,”” would have obviated this debate.

Using the same reasoning as in Brandon’s explanation with
matrices D and R, it also could have been as easily assumed
that R has a rank of 2n rather than (2n—2m). The vectors r,
can be expressed as: '

2n
e = E W fit)
i=1

where { W;} is linearly independent. In such a case { W, } and
{N,} will be related by:

2n~-2m

2n
Y wifito= Y, Netk
i=1

i=1

Before introducing the concept of the oversized identifica-
tion model, time domain identification of modal parameters
of structures proved to be unfeasible. This was due to the in-
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ability to precisely determine the number of modes con-
tributing to the responses and to easily deal with high levels of
noise. The concept under discussion offers a direct approach
to solving these two problems. To the best of my knowledge,
this concept is being used in most of the newly developed time
domain identification algorithms.

In closing, I would like to express my sincere thanks to Dr.
Brandon for his interest and for allowing me the opportunity
to try to clarify this issue.

Addendum: ‘‘Generalized Dynamic
Reduction in Finite Element
Dynamic Optimization’’

Ki-Ook Kim and William J. Anderson
The University of Michigan, Ann Arbor, Michigan
[AIAAIJ, 22, pp. 1616-1617 (1984)]

E would like to call the reader’s attention to the fact that

Generalized Dynamic Reduction is a novel concept in-
troduced by Dr. Richard H. MacNeal of the MacNeal-
Schwendler Corp., as mentioned in Ref. 3 and in the backup
paper. The following references should be added to this
Synoptic.

6<“MSC/NASTRAN Application Manual,”” The MacNeal-
Schwendler Corp., Los Angeles, Calif., April 1981, pp. 2.4 1-2.4.39.

T<Handbook for Dynamic Analysis,”” The MacNeal-Schwendler
Corp., Los Angeles, Calif., 1983, pp. 4.1.5-4.1.13.
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Errata: ‘“The Two-Dimensional
Laminar Wake with
Initial Asymmetry’’

A. Demetriades
Montana State University, Bozeman, Montana
[AIAA 21, pp. 1347-1348 (1983)]

MISSION of certain parentheses has distorted two equa-
tions in this paper. Equation (6) should read:

a=1-2 = u(x,y;M,,T,/T,,,P)

~L{expl (P4 D2t (P 1y)
«[1-ert (e 2|
(o[ ()5 (F)])
o[- |

and Eq. (8) should read:

u(y=0)=e* (I —-Erf2Vx)
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